Two fixed point theorems for a subset C of a normed vector space X are established by using the concept of centre. These results differ from previous fixed point theorems in that X is assumed to have a topology T as well as a norm. The norm is required to be lower semi-continuous with respect to T and C is required to be convex, bounded with respect to the norm and compact with respect to T . 
Introduction
Throughout the paper, X will denote a normed vector space over the real numbers, which is also endowed with a locally convex Hausdorff C is a non-empty convex subset of X , which is "bounded with respect to the norm and compact with respect to T . For each x (. C , define and l e t y(C) (3) r(x) = a(C) denote the set {x € C; sup \x-y\ . yZC = inf r(x) xiC Hx) = o(C)} .
Similarly to [6] , y(C) will be called the centre of C .
The concept of centre has been used to show the existence of fixed points by Edelstein [6] and [7] and Be I Iuce and Kirk [/] . The concept of centre has also been used by BrodskiT and Mi I'man [2] .
It will be shown that y(C) is non-empty, convex and compact with respect to T . It will also be shown that every mapping of C onto C , which is non-expansive with respect to the norm, takes Y ( C ) into y (C) and that when the norm satisfies a special convexity condition, y(C) has exactly one point. In this case y{C) is therefore a common fixed point for all non-expansive mappings of C onto C .
The existence of a common fixed point is then used to prove the existence of a right invariant integral on a compact metrizable semigroup with a unique minimal left ideal. Sneperman has given a similar application using a somewhat different fixed point theorem.
The existence of the common fixed point for onto mappings is also used to show the existence of a common fixed point for a semigroup of nonexpansive mappings of C into C which satisfies the special intersection property of left reversibility.
T h e first fixed point theorem
The structure of the centre and the first of the fixed point theorems will now he discussed.
THEOREM 2.1. r is lower semicontinuous on C with respect to T .
Proof. Let x € C and e > 0 . There exists z (. C such that
Since the norm is lower semicontinuous, there exists a V € T such that a; -z € V and
Since r(y) > \y-z\ , it follows that r{y) > \x-z\ -%e , so that hy (h),
THEOREM 2.2. y(C) is a non-empty convex subset of C , which is
bounded with respect to the norm and compact with respect to T .
Proof. For each positive integer n , let
Since r is lower semicontinuous and C is compact, Y (C) is compact n with respect to T for all n . From (2), y (£) i s non-empty for all n . Therefore y(c) = n Y (c) i s a non-empty compact subset of C . The boundedness of y{C) i s t r i v i a l and the convexity i s easily verified.
We define a mapping T of C into C to be non-expansive if, for a l l x and y € C , (6) \T(x)-T(y)\ 5 \x-y\ .
THEOREM 2 . 3 . Every non-expansive mapping T of C onto C maps y{C) into y(C) .
Proof. Consider any x € y(C) and y € C . There exists £ € C such that T(£) = y . Now
|x-C| 5 a(C) .
Hence, from ( 6 ) ,
that is,
\T(x)-y\ 5 a(C) .
Since this holds for all y € C , then r(r(x)) = a(C) ; hence 
I n v a r i a n t i n t e g r a l s
We now show how Theorem 2. 
We define a f u n c t i o n a l B on A , by (15) 6(X) = i n f <|)(X, a) . This can be proved in a similar manner to Theorem 3.2. for all / 6 C{G) .
Clearly F is weakly closed, so that by Theorem i*-6l-A on page 228 of 
Some f u r t h e r f i x e d p o i n t theory
Some additional fixed point theory will now be discussed. The first theorem is similar to Sneperman's Theorem in both the statement and the proof. We again assume that A T is a normed vector space, with a topology T , satisfying (i) and (ii) of Section 1 and that C .is as described in Section 1. If the norm and the topology T are not the same, but C has normal structure or the stronger condition of completely normal structure (see BrodskiT and Mi I'man [2] and Bel luce and Kirk [ / ] ) , then y(K) can be shown to be a proper subset of any convex subset K of C which is compact with respect to T and contains more than one point. Similarly to the above, a Zorn's Lemma Argument shows the existence of a fixed point in C under a l e f t reversible semigroup of non-expansive affine mappings of C into C . Local uniform convexity of the norm is again not required. This i s similar to the fixed point theorem of Bel luce and Kirk [ / ] . I t weakens many of their assumptions, b u t , of course, i t requires the norm to be lower semicontinuous with respect to the topology T .
THEOREM 4 . 1 . If the norm is locally uniformly convex and if H is any semigroup of continuous (with respect to T ) non-expansive affine mappings of C into C such that H is left reversible; that is, TH n T'H * 0 then the mappings of H have a common fixed
We conclude with an example which shows that in the general case, where both the norm and the topology T are being considered and neither the norm nor C has special properties, y(C) need not be a proper subset of C . COUNTER EXAMPLE 4.2. Let m be the space of a l l bounded real sequences a = {a } with the usual norm; that i s , |a| = sup \a n \ . n Let T be the Tychonoff product topology. Then the norm is lower semicontinuous with respect to T .
Let C be the closed (with respect to T ) convex hull of is compact with respect to T and C is a closed subset of such a set, it follows that C is compact with respect to T .
It is not difficult to show that the diameter of C is 1 . With greater difficulty it can be shown that for all x € C , r(x) = 1 . Then ct(C) = 1 and hence y(C) = C .
